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Abstract-we examine the integrability of the discrete Heisenberg chain by applying the integra- 
bility criterion for differential-difference systems developed by Ftamani, Grammaticos, and Tamizh- 
mani. 
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It is widely believed that the Heisenberg spin chain defined by the Hamiltonian H = fC (&.&+I) 
(S, being a 3-dimensional vector) is not a completely integrable system except for the spin value 
s = l/2, and that consequently the classical system described by 
S, = J, - Jn-l 
Jn = SnxSn+l (1) 
s,.s, = 1 
is not integrable because the classical model is perceived as a large-s approximation of the quan- 
tum theory (see [l]). In this paper, we apply the novel integrability criterion developed in [2] for 
differential-difference systems to confirm this belief. 
We begin by writing the system (1) as a system of recurrence relations in the form 
S n+i = F (&S,, SA) . 
Letting S, = (SA, Si, 5':) , we have 
Differentiating S,.S, = 1, we have S,.S,, = 0, whence it follows that 
S;+i = 3 + ?A$5 - S;_i; 
similarly, 
(2) 
(3) 
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Now, as S,.S, = 1, we can eliminate Sz. We end up with the system 
(4) 
We note here that we do not need to delve into the question of which branch of the square root 
we are taking, as the following singularity analysis is entirely local. 
We assume (in the spirit of the well-known Painleve test) that all possible movable singularities 
of the system are poles. In the case of a l-step differential-difference system, the Ramani- 
Grammaticos-Tamizhmani integrability test requires the so-called “confinement of singularities”: 
if a singularity appears for a certain index n, at some time instant to, say, it has to vanish after 
a finite number of steps (i.e., for index n + j, where j is finite). In the case of the Heisenberg 
chain, which is a 2-step differential-difference, the Ramani-Grammaticos-Tamizhmani condition 
has to be interpreted as requiring a singularity not only to eventually vanish (at step n + j, say), 
but also to not reappear in the immediately succeeding step (n + j + 1). To see this, one can, for 
example, write the system (4)-(5) as a system of four l-step differential difference equations. 
A way for singularities to occur is the following. Assume that at a certain step (for index n - 1, 
say) a zero of order j occurs. For example, we could have Sk = &).(t - to), where o(te) and 
Si are nonzero. A simple calculation shows that 5’; is finite while 5’: has indeed a simple pole. 
Further calculations show that SA,, has a simple pole, while Sz+i has a double pole. 
Now, if singularities were indeed confined there should be an index, say Ic, such that Sk and 
Sk+1 are not singular while Sk-1 is. We can in fact, consider the smallest such k, which is larger 
than n; in other words, we can require that all of Sj, for n < j < k are singular. A simple 
calculation (using (4) and (5)) shows that in such a case all of SL_i, Si_2, Si_i, and Si_2 would 
have a simple pole (otherwise the different summmands in the right hand sides of (4) and (5) 
would have singularities of different orders which would not cancel out, so Sk would be, after all, 
singular). However, a further calculation (making use of the obvious fact that S,sS,+i is always 
nonzero) shows that, in such a case, Sk+i would be singular, which is of course a contradiction 
according to our integrability test. 
Singularities then are not confined, and the Heisenberg chain does not pass the integrability 
test. 
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